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Abstract
Multi-antenna radio front-ends generate a multi-dimensional flood of information, most of which is
partially redundant. Redundancy is eliminated by dimensionality reduction, but contemporary digital
processing techniques face harsh fundamental tradeoffs when implementing this class of functions. These
tradeoffs can be broken in the analog domain, in which the performance of optical technologies greatly
exceeds that of electronic counterparts. Here, we present concepts, methods, and a first demonstration
of multivariate photonics: a combination of integrated photonic hardware, analog dimensionality reduc-
tion, and blind algorithmic techniques. We experimentally demonstrate 2-channel, 1.0 GHz principal
component analysis in a photonic weight bank using recently proposed algorithms for synthesizing
the multivariate properties of signals to which the receiver is blind. Novel methods are introduced for
controlling blindness conditions in a laboratory context. This work provides a foundation for further
research in multivariate photonic information processing, which is poised to play a role in future
generations of wireless technology.
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2I. INTRODUCTION
The longstanding conception of “the radio spectrum” as a temporally and spatially homo-
geneous literal spectrum is eroding. Spatial inhomogeneities in the electromagnetic field, when
exploited by multi-antenna or multi-input, multi-output (MIMO) systems, provide an orthogonal
degree of freedom with which to share wireless resources [1]. Since 2009, multi-antenna com-
munication techniques have been present in commercial standards for Wi-Fi (IEEE 802.11n [2]),
WiMAX (IEEE 802.16e), and LTE [3]. Next generation wireless systems will use millimeter-
wave frequencies (f ≈ 60 GHz) [4], opportunistic access strategies [5], and/or massive MIMO
(N > 100 antennas) [6]. These prospects pose technical challenges for radio front-end hardware
in terms of bandwidth, agility, and power efficiency. In addition, they each significantly increase
demands for intelligent RF information processing. Taking into account the performance char-
acteristics of electronic methods (both analog and digital), it becomes apparent that incremental
improvements to the current state-of-the-art will not be enough to realize the full potential of
spectrum access based on spatial discrimination.
A large set of problems in multi-antenna front-ends fall within the category of dimensionality
reduction. Signals at nearby antennas are typically highly redundant and must be transformed
into a low-dimensional set of salient signals. The simplest dimension reducing operation is a
linear projection. The simplest definitions of salience are the orthogonal directions of maximum
covariance (the principal component (PC) vectors) and the directions of maximum statistical
independence (the independent component (IC) vectors) [7]. Principal component analysis (PCA)
yields decorrelated output signals, sorted in descending order of statistical relevance. The highest
PCs can be discarded to reduce overall dimensionality while losing the minimum salient overall
information. Independent component analysis (ICA) is equivalent to the problem of blind source
separation (BSS), i.e., demixing signals that correspond to multiple source transmitters that have
been mixed over a wireless channel. BSS is highly desired and widely applicable in many RF
contexts because it can separate unknown mixtures of unknown signals using very weak a priori
assumptions about the signal characteristics. BSS can bring new capabilities to applications in
spectrum sharing, electronic warfare, and multi-radio coexistence [8].
Multi-antenna dimensionality reduction presents two technical challenges. The first is finding
the correct set of PC or IC vectors based on available observations, where “correct” means those
that result in optimal output variance or independence, respectively. Algorithms for ICA have
3been studied extensively using digital signal processing (DSP) under the condition that all inputs
are completely observable [9]. As discussed below, total observability is not always possible in
relevant scenarios.
The second challenge is the scaling of energy needed to perform weighted addition operations
with DSP hardware. A typical RF receiver, seen in Fig. 1(a, c), consists of antennas, an analog
domain, analog-to-digital converters (ADCs), and a digital signal processor. Every signal must
be digitized before being processed, even though the majority of this information is non-salient
and discarded in the digital domain [10]. Both the multiply-accumulate (MAC) rate and the A/D
conversion rate – dominant power consumers [11], [12] – scale in proportion to the product of
number of dimensions and sampling frequency.
The prohibitive performance tradeoff between dimensionality and power can be circumvented
by reducing dimensionality in the analog domain. Multi-antenna beamformers implementing
analog weighted addition have been explored [13], [10], [14] and were reviewed in Ref. [4].
These approaches – typically known as hybrid analog-digital channel estimation – have demon-
strated significant reductions in power in dimension-reducing RF problems. The performance
advantages of analog dimensionality reduction stem directly from not digitizing all inputs. Non-
salient information can be discarded in the analog domain, thus reducing the number of signal
dimensions must be digitized. On the other hand, not digitizing corresponds to not observing all
aspects of received signals. A comparison of observability in digital and analog is made between
Fig. 1(a, b). Constraints on observability give rise to a new challenge of how to solve estimation
problems in the absence of conventionally necessary information [15], a topic revisited in Sec. II.
Analog, dimension-reducing front-ends are subject to the same hardware limits affecting the
analog domain of all electronic front-ends. Analog RF electronics are inherently frequency
dependent and so have severely limited performance in terms of bandwidth and agility (i.e.
center frequency tunability) [16]. These performance limits will be even more restrictive in
next generation millimeter wave (mm-wave) systems with bands spanning 10s of GHz [17].
Contemporary multi-band wireless systems require a switched bank of RF circuits, each tailored
to a single, narrow band [18]. Switched bank architectures involve hardware that is greater
in quantity and complexity and, furthermore, introduce additional signal degradation in the
switch. These analog hardware burdens are multiplied by dimensionality in analog/hybrid channel
estimation architectures since every channel needs its own switched bank.
RF photonics have arisen to address limitations in the bandwidth and agility of analog RF
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Fig. 1. Comparison of radio front ends for dimensionality reduction. a) Electronic DSP based on ADC and MACs. b) Photonic
weight bank based on modulation, WDM filtering, and photodetection. c, d) Internals of the dimension-reducing subsystem of
the respective platforms. e) Microring (MRR) weight bank implementation of photonic weighted addition.
electronics [19], [20], [21]. In an RF photonic processor, an incoming signal is modulated onto
an optical carrier wave, processed in some way, detected, and, only then, digitized. Modulation
effectively upconverts an incoming signal to a 193 THz intermediate frequency (IF), which
means that the signal in the optical domain has a minuscule fractional bandwidth, even for
100 GHz bandwidth inputs. As a result, processing operations applied in the optical domain
can be broadband and widely reconfigurable. Integrated RF photonics has offered improvements
for programmable filtering [22], [23], [24], time delays [25], [26], [27], [28], transport [29],
[30], interference suppression [31], [32], and waveform generation [33], [34]. These functions
shown in RF photonics so far are relatively simple, single-input functions, much like the tasks
performed in the analog domain of an RF electronic front-end.
Multivariate photonics combines the advantages of analog photonic hardware and analog
domain dimensionality reduction, employing statistical approaches to address the observability
constraints that arise. Multivariate means multi-channel but is distinguished from multi-channel
in that signals are treated as random variables instead of fully known waveforms. Adaptive
dimensionality reduction based on statistical information also resembles learning approaches in
5photonic neural networks [35] and reservoir computers [36], [37], [38].
In prior work, we proposed the concept of synthesizing multivariate signal features based
on univariate observations of the analog photonic domain, which led to novel algorithms for
performing blind PCA, ICA, and source separation [39]. In this manuscript, we report the first
demonstration of this approach by using a silicon photonic weight bank to ascertain the PC
dimensions of and then decompose unobservable 1.0 GHz signals. We introduce novel methods
– such as how to control observability constraints in a laboratory setting – that will support
further experimental research in multivariate photonics.
Multi-antenna front-ends implemented by conventional electronics and multivariate photonics
are juxtaposed in Fig. 1. In the photonic front-end in Fig. 1(b), dimensionality reduction occurs
in the analog domain, after which, only one signal is digitized. The result is a fundamental
alteration of power scaling trends:
PDSP = Nf(EADC + EMAC) (1)
Pphotonic = NPlaser + fEADC (2)
where N is dimensionality, f is bandwidth, EADC is the ADC conversion energy, EMAC is
MAC energy, and Plaser is the power needed for each laser pump. We note that ADCs can
be time-domain multiplexed to trade off hardware with bandwidth [40], yet these approaches
exhibit the same DSP power relations. This difference in power scaling is significant because
the second equation has no dominant Nf term. Power to modulate does scale with Nf , but it
is negligible (1 fJ ×f [41]) in comparison to ADC powers (1 pJ ×f [12]). This means that
multivariate photonics could radically reduce power in high-speed, high-dimensionality regimes.
Wavelength-division multiplexed (WDM) weighted addition has been proposed as an effi-
cient implementation of multi-input information processing in the analog photonic domain [42].
Weighted addition is naturally implemented using power-modulated, mutually incoherent optical
carriers so that fan-in of carriers does not cause coherent interference [43]. WDM carriers can
divide the THz-wide transmission window of a single waveguide among many GHz-bandwidth
signals, but the hardware requirements of fiber optics pose a practical limit to channel count.
Silicon photonic integration brings to optics unprecedented opportunities in both large-scale
system integration and large-volume economies of scale [44], [45]. These opportunities impact
unconventional signal processing approaches to the extent that the approach can be implemented
with conventional silicon photonic devices. WDM weighted addition is implemented in silicon
6Fig. 2. Visual interpretation of projected bivariate statistics over 5 values of cross-correlation, α. a) Blue points: synchronously
sampled 2-channel signals ~x(t), unobservable to an analog front-end; colored arrows: projection vectors, ~wi. b) Histograms of
each projected signal ~wi ·~x(t). Curve color corresponds to the projection vectors in (a). c) Polar plots of projection variance (i.e.
second moment) vs. projection angle, θ. Line segments: measured points with color corresponding to above projection vectors,
~wi; dashed curve: full model fit to points. Its major and minor axes are the first and second principal component vectors,
respectively.
photonics using microring (MRR) weight banks [46]. An MRR weight bank can weight WDM
channels independently over a continuous and balanced (–1 to +1) range with a currently
demonstrated accuracy of 5.1 bits [47], [48].
Photonic techniques for multivariate processing in prior work. Photonic ICA was first devel-
oped in holographic materials [49] that are not readily integrable. Principal component analysis
was explored in fiber [50], [51] and MRR weight banks [52]. To ascertain the original inputs,
these latter three works scanned through identity projections of the form [1, 0, 0, . . .]. This
strategy is unrealistic because it assumes that inputs are synchronized and repeating with a
period known to the receiver performing PCA. The approach in this work does not make any
of these assumptions; it is blind to the input waveforms. In Sec. II, we describe the information
that can be extracted from multi-dimensional signals whose waveforms are unobservable. In
Sec. III-C, we describe how blindness can be ensured and evaluated in an experimental setting.
7II. USING PROJECTED MOMENT INFORMATION
Analog-domain dimensionality reduction faces a key barrier to finding the weight vectors of
interest based on a reduced set of information. As a direct consequence of discarding information
prior to digitization, it is not possible to take synchronous samples of multiple signal dimensions.
Consequently, dimension-reducing analog front-ends cannot recover signal covariation and cannot
employ on traditional techniques for PCA and ICA that rely on having simultaneous samples of
all input signals [8]. We refer to this property as an observability constraint.
Recent strides have been made to address this constraint in hybrid channel estimation. They
have been based on different a priori assumptions, such as cooperative scenarios with bidirec-
tional communication [53], [15], [54], [55], [56]. Many of these approaches resemble modern
WiMAX protocols that use training signals sent during an estimation phase (exception by Dahl
et al. [56]). Another common assumption is channel sparsity (exception by Zanjani et al. [55]).
Iltis et al. [57] studied a non-cooperative scenario using a game theoretic approach, which must
assume that all transceivers abide by a common protocol. In [39], we proposed an algorithm for
performing BSS when only one reduced-dimension output can be observed at a given time. The
only a priori assumption used is that the sources to be separated are statistically independent: a
weak and generally true assumption. To the authors’ knowledge, this type of fully blind technique
has not been proposed in the research on electronic hybrid channel estimation, even though it
could also be compatible with electronic hardware.
Instead of attempting to recover synchronized multi-channel waveforms, the approach acts
based on synthesizing multiple statistical measurements of one-dimensional projections. Fig-
ure 2 illustrates relationships between samples, projections, and statistical measurements. Two-
dimensional simultaneous samples are shown in Fig. 2(a) as blue points – these are not observable
with a multi-channel analog/hybrid front-end. Columns correspond to different cross-correlation
values, alpha (α). More correlated signals result in point clouds that are more stretched in the
45◦ direction, while more anti-correlated (negative alpha) signals are more stretched at –45◦.
Projections of the inputs result in a one-dimensional output representing the dot product of
weights: m(t) = ~w · ~x(t), where ~x are the received signals that have been mixed over the air
and m is their linear projection along the ~w vector. Five example weight vectors with equal
magnitude and different angles are overlaid in Fig. 2(a).
The key measurement involved in this approach is of statistical moments of m, which describe
8the width of a one-dimensional histogram. The histograms of m are shown in Fig. 2(b) – these
are observable. Colors correspond to the projection vectors in Fig. 2(a). The widths of these
histograms depend on the angle of the weight vectors and the cross-correlation of the inputs. If
the weight vectors are known, the cross-correlation can be found. Mathematically, a moment is
the expectation value or time-average of a random variable raised to a power. The bth moment
of the output is denoted as
〈
mb
〉
t
, where 〈·〉t is a time average.
The use of moment measurements has three main advantages in terms of relaxing sampling
requirements. Firstly, it is not necessary to sample above the Nyquist rate needed to reconstruct a
waveform. The subsampling theory states that an unbiased, random sampling of a dataset has the
same histogram as that original dataset, provided some sample size conditions on which we won’t
elaborate here. In Fig. 5(b-d), we show an experimental implicate of that theorem – reproducing
the histogram of a Nyquist-sampled waveform using samples taken at 10−5 of the Nyquist rate.
Secondly, all signals have moments and yield to statistical analysis. Unlike waveform analysis
that is format-specific, statistical analysis naturally generalizes to the heterogeneous formats and
usage types in the diverse wireless space.
Finally, moments are time-invariant when the channel mixing is stationary. This means that
multiple measurements of time-averages can be made relatively far apart in time and still give
information about a consistent cross-correlation structure. In an RF context, stationary timescales
are related to environmental and channel fluctuations, which are on the order of seconds. While
there is no theoretical minimum sample rate needed to measure a moment, in practice, faster
sampling translates to an ability to make more moment measurements per stationary interval.
The key realization of [39] is that multi-dimensional correlation and independence can be
inferred and exploited based only on measurements of projection moments. The moments of the
projections have a simple relationship to the projection angle. Constraining ~w to unit normal
vectors, they can be parameterized by an angle, θ, such that ~w = [cos θ, sin θ]. Regardless of the
characteristics of ~x, the relationship of moment to angle follows the model:〈
m2
〉
(θ) = q1 + q2 cos [2(θ − θ0)] (3)
where q1, q2, and θ0 are stationary parameters. Figure 2(c) shows polar plots of this model of of
〈m2〉 vs. θ. Line segments represent the moments as measured at the angles of the weight vectors
in Fig. 2(a) with corresponding colors. Black dashed curves show the full models described by
Eq. 3 that fit these points.
9There is a clear visual correspondence between the black dashed curves in Fig 2(c) and the
shape of point cloud distributions in Fig. 2(a). Complete knowledge of q1 and θ0 is equivalent to
complete knowledge of all 2nd-order covariant statistics of the input distribution. The magnitude
of the first principal component is q1 + q2, and that of the second is q1− q2. The first PC vector
angle is θ0, and the second is θ0 + pi/2. In higher dimensions, a similar model with more q and
θ parameters still holds.
In the algorithm to perform PCA based on moment observations, the parameters are found
by fitting this model to multiple measurements of moments at different projection angles. A
photonic weight bank is reconfigured to project the inputs along a given angle, the 2nd moment
of the summed output is recorded, then the weight bank projects along the next angle and so
on. PCA alone is generally not particularly useful in terms of RF signal separation (exception
in [58]), but it is closely related to and the first step of BSS. We refer the reader to [39] for more
detail on the fitting algorithm, as well as the extension to 4th-order moments, higher dimensions,
and blind source separation. For the remainder of this paper, we will focus just on blind PCA
in two dimensions and its demonstration with a silicon photonic weight bank.
III. METHODS
A. Correlated WDM signal generation
PCA is a decorrelation technique, so, to evaluate PCA, we must start with signals that have
varying degrees of correlation. We construct a signal generator that produces multi-wavelength
signals whose cross-correlation can be programmed at will, following a method introduced in
Ref. [50].
The input generation subsystem (Fig. 3a) consists of a single pulse pattern generator (PPG),
modulators, and channel-dependent time delays spaced by ∆T . The time skew has the effect
of transforming temporal auto-correlation of the original PPG signal to instantaneous cross-
correlation between the outputs. The experimental signals used (binary) bear little relation to
real radio signals (analog, modulated); however, they can still be treated as analog waveforms
that can be meaningfully weighted and summed. Their time-averaged correlation is a continuous
value. The reason for using binary signals is that their statistical properties are easily controlled
by programming particular bit patterns to a PPG.
The degree of cross-correlation is controlled by programming appropriate bit patterns. First,
the time skew, ∆T , is measured, in this case, 13.54 ns. The PPG bit rate, B, is then set to
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Time (ns)
Fig. 3. Signal generator subsystem. a) A single pulse pattern generator (PPG) modulates two optical carriers with RF time
skew of ∆T . The programmed bit pattern is an autocorrelated sequence, derived from a nominal cross-correlation (αˆ) and a
knowledge of ∆T . b) Measured cross-correlations where αˆ is both the nominal cross-correlation and auto-correlation of the
programmed bit pattern. Black line indicates equality between measured and nominal. Waveform pairs after optical modulation
illustrate the probability of corresponding bits being the same.
1.9956 GHz so that the time skew is an integer multiple of the bit period: B∆T = 27.00. The
programmed bit sequence is initialized with a 27-bit pseudo-random bit sequence (PRBS). The
28th bit has some probability of being the same as the 1st bit, and so on. This probability is
derived from to the desired correlation value:
P (bi = 1) = 0.5 + αˆ(bi−27 − 0.5) (4)
where αˆ is the desired (i.e. nominal) correlation, P means probability from 0 to 1, and bi is the
value of bit i. The resulting sequence is a bit delayed, first-order Markov process. To extend this
generation technique to more than two channels, a multi-order Markov process would be used,
as studied in [51]. Unlike prior methodology [50], this generation procedure does not require
∆T to be set precisely.
We evaluate the capabilities of this signal generator over a range of αˆ’s from –0.8 to +0.8. The
real correlation is α = 〈x1·x2〉〈x21〉〈x22〉 , where x1 and x2 are measured in an oscilloscope. Figure 3(b)
indicates that the correlation between multiwavelength inputs is controlled by αˆ, even though αˆ
parameterizes a digital stochastic process while α is an analog concept.
The cross-correlation was observed to match the value of α within an error of 0.20 with
more error for correlations around zero. This value is higher than expected due to impedance
mismatches causing spurious correlations, discussed further in Sec. V. α can range from −1
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Fig. 4. a) WDM weight bank subsystem. A WDM input is coupled to a silicon photonic chip to a microring (MRR) weight bank.
EDFA: erbium doped fiber amplifier; PC: polarization controller. Its complementary outputs are detected off chip to produce an
electrical weighted sum output. BPD: balanced photodetector. The weight values are configured by heating resonators individually
via metal filaments. b) Overview of the sample containing a large test array of MRR weight bank devices reusing electrical
ports and grating couplers. In this array, there are 22 electrical ports, 6 sets of 9 GCs each, and 126 MRRs in various circuit
configurations. Only one bank is actively addressed at a time.
(perfect anticorrelation, all bits separated by 27 are different) to 0 (uncorrelated, pseudo-random
bit sequence) to +1 (perfect correlation, all bits separated by 27 are the same).
B. Silicon microring weight banks
The microring weight bank pictured in Fig. 4 is fabricated on a silicon-on-insulator die with
a 220nm device layer. 500nm wide waveguides are patterned by EBeam lithography and fully
etched to the buried oxide [59]. After the waveguide etch, a 3µm oxide passivation layer and
metals are deposited. The sample is mounted on a temperature controlled alignment stage and
coupled to fiber through focusing sub-wavelength grating couplers [60].
In the weight bank, the MRRs have a short 2µm straight coupling region with arcs of slightly
different radii near 10µm. They have FSRs of 9.1nm and quality factors of 22,000. The radii
are different by a minuscule 16 nm such that the as-fabricated inter-channel resonance offset is
nominally 2.3nm. The actual offset is affected by fabrication variation.
Thermal tuning filaments are formed of a Ti/Au layer and are routed to pads in an Al routing
layer [61]. Electrical measurements yield sheet resistivities of 0.17 Ω/ (routing) and 6.7 Ω/
(filament). Contact resistance is 3.2 Ω, and routing-filament via resistance is 42 Ω. Based on these
values, we estimate an internal filament resistance of 52 Ω. Using this estimate and measurements
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Fig. 5. a) Full experimental setup showing signal generation, WDM weighting, and measurement. Each subsystem is controlled
by computer (CPU). The scope is triggered by either the pattern sync of the pattern generator (sync state) or a free-running
clock (async state). b) Scope views over both synchronization states and three projection vectors. In asynchronous mode (right
column), the effective sample rate is deeply sub-Nyquist, so waveform and timing information is lost. Nevertheless, signal
histograms (green) are identical to those of the super-Nyquist waveforms, provided a sufficient number of samples are taken.
of resonance shift vs. tuning power, we find that internal tuning efficiency is 0.22nm/mW, in
other words, a FSR power of PFSR=42 mW.
The convergence of the PCA algorithm depends on the ability to command multiple weights
accurately and simultaneously. Microring weights are controlled using the feedforward approach
developed in Ref. [47]. First, an optical spectrum analyzer (OSA) is used to independently
track MRR resonances onto their corresponding WDM signal wavelengths. Thermal cross-talk is
measured around this operating point and, later, counteracted by the control algorithm. Finally,
each MRR is detuned through its resonance edge while real weight is measured externally
to obtain a one-to-one monotonic function of weight vs. detuning. During the training phase,
multiple weights are measured simultaneously by decomposing calibration signals chosen such
that they are uncorrelated. In future work, the feedback weight control shown in [48] could be
used to accomplish the same goal with more resilience and accuracy.
C. Controlling observability through synchronization
To evaluate the accuracy of blind multivariate algorithms in the laboratory, Nyquist-sampled
waveforms must be observed and compared against expectation. At the same time, the waveforms
must be obscured while the algorithm is running in order to produce a situation corresponding to
a real-life (a.k.a. field) scenario. In a non-cooperative field scenario, waveforms are non-periodic,
and the source and receiver share no synchronous trigger. In other words, time information is
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θ
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>
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↵
<latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit>
θ
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>
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↵
<latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit>
θ
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>
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↵
<latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit>
θ
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>
⌦
m
2
↵
<latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit>
θ
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>
⌦
m
2
↵
<latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit><latexit sha1_base64="jwiiTX6fWDGDKbhx6SWbyW0pqGM=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktgh5Eil48VrAf0K0lm2bb0CS7JLOFsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEiuAHP+3YKa+sbm1vF7dLO7t7+gXt41DRxqilr0FjEuh0SwwRXrAEcBGsnmhEZCtYKR3czvzVm2vBYPcIkYV1JBopHnBKwUs91A8EiuJZP1UDzwRBuem7Zq3hz4FXi56SMctR77lfQj2kqmQIqiDEd30ugmxENnAo2LQWpYQmhIzJgHUsVkcx0s/nlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVTfjKkmBKbpYFKUCQ4xnMeA+14yCmFhCqOb2VkyHRBMKNqySDcFffnmVNKsV36v4Dxfl2m0eRxGdoFN0jnx0iWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ADBqTQw==</latexit>
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αˆ = −2/3
<latexit sha1_base64="5YlUhrHSANcQQ1AeuqqkGWBY6GE=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuLEmVdCNUHTjsoK9QBPKyXTSDJ1cmJkIIdRXceNCEbc+iDvfxmmbhbb+MPDxn3M4Z34v4Uwqy/o2Siura+sb5c3K1vbO7p65f9CRcSoIbZOYx6LngaScRbStmOK0lwgKocdp1xvfTuvdRyoki6MHlSXUDWEUMZ8RUNoamFUnAJU7wJMAJvganzbOzgdmzapbM+FlsAuooUKtgfnlDGOShjRShIOUfdtKlJuDUIxwOqk4qaQJkDGMaF9jBCGVbj47foKPtTPEfiz0ixSeub8ncgilzEJPd4agArlYm5r/1fqp8q/cnEVJqmhE5ov8lGMV42kSeMgEJYpnGoAIpm/FJAABROm8KjoEe/HLy9Bp1G3N9xe15k0RRxkdoiN0gmx0iZroDrVQGxGUoWf0it6MJ+PFeDc+5q0lo5ipoj8yPn8A5ZaTmg==</latexit><latexit sha1_base64="5YlUhrHSANcQQ1AeuqqkGWBY6GE=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuLEmVdCNUHTjsoK9QBPKyXTSDJ1cmJkIIdRXceNCEbc+iDvfxmmbhbb+MPDxn3M4Z34v4Uwqy/o2Siura+sb5c3K1vbO7p65f9CRcSoIbZOYx6LngaScRbStmOK0lwgKocdp1xvfTuvdRyoki6MHlSXUDWEUMZ8RUNoamFUnAJU7wJMAJvganzbOzgdmzapbM+FlsAuooUKtgfnlDGOShjRShIOUfdtKlJuDUIxwOqk4qaQJkDGMaF9jBCGVbj47foKPtTPEfiz0ixSeub8ncgilzEJPd4agArlYm5r/1fqp8q/cnEVJqmhE5ov8lGMV42kSeMgEJYpnGoAIpm/FJAABROm8KjoEe/HLy9Bp1G3N9xe15k0RRxkdoiN0gmx0iZroDrVQGxGUoWf0it6MJ+PFeDc+5q0lo5ipoj8yPn8A5ZaTmg==</latexit><latexit sha1_base64="5YlUhrHSANcQQ1AeuqqkGWBY6GE=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuLEmVdCNUHTjsoK9QBPKyXTSDJ1cmJkIIdRXceNCEbc+iDvfxmmbhbb+MPDxn3M4Z34v4Uwqy/o2Siura+sb5c3K1vbO7p65f9CRcSoIbZOYx6LngaScRbStmOK0lwgKocdp1xvfTuvdRyoki6MHlSXUDWEUMZ8RUNoamFUnAJU7wJMAJvganzbOzgdmzapbM+FlsAuooUKtgfnlDGOShjRShIOUfdtKlJuDUIxwOqk4qaQJkDGMaF9jBCGVbj47foKPtTPEfiz0ixSeub8ncgilzEJPd4agArlYm5r/1fqp8q/cnEVJqmhE5ov8lGMV42kSeMgEJYpnGoAIpm/FJAABROm8KjoEe/HLy9Bp1G3N9xe15k0RRxkdoiN0gmx0iZroDrVQGxGUoWf0it6MJ+PFeDc+5q0lo5ipoj8yPn8A5ZaTmg==</latexit><latexit sha1_base64="5YlUhrHSANcQQ1AeuqqkGWBY6GE=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuLEmVdCNUHTjsoK9QBPKyXTSDJ1cmJkIIdRXceNCEbc+iDvfxmmbhbb+MPDxn3M4Z34v4Uwqy/o2Siura+sb5c3K1vbO7p65f9CRcSoIbZOYx6LngaScRbStmOK0lwgKocdp1xvfTuvdRyoki6MHlSXUDWEUMZ8RUNoamFUnAJU7wJMAJvganzbOzgdmzapbM+FlsAuooUKtgfnlDGOShjRShIOUfdtKlJuDUIxwOqk4qaQJkDGMaF9jBCGVbj47foKPtTPEfiz0ixSeub8ncgilzEJPd4agArlYm5r/1fqp8q/cnEVJqmhE5ov8lGMV42kSeMgEJYpnGoAIpm/FJAABROm8KjoEe/HLy9Bp1G3N9xe15k0RRxkdoiN0gmx0iZroDrVQGxGUoWf0it6MJ+PFeDc+5q0lo5ipoj8yPn8A5ZaTmg==</latexit>
αˆ = −1/3
<latexit sha1_base64="8/gvOn4GegocFe4RHi8Oc62FcA8=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEN9ZEBd0IRTcuK9gLNKGcTCfN0MkkzEyEEuqruHGhiFsfxJ1v47TNQlt/GPj4zzmcM3+Qcqa043xbS8srq2vrpY3y5tb2zq69t99SSSYJbZKEJ7ITgKKcCdrUTHPaSSWFOOC0HQxvJ/X2I5WKJeJBj1LqxzAQLGQEtLF6dsWLQOce8DSCMb7GJ+7pec+uOjVnKrwIbgFVVKjRs7+8fkKymApNOCjVdZ1U+zlIzQin47KXKZoCGcKAdg0KiKny8+nxY3xknD4OE2me0Hjq/p7IIVZqFAemMwYdqfnaxPyv1s10eOXnTKSZpoLMFoUZxzrBkyRwn0lKNB8ZACKZuRWTCCQQbfIqmxDc+S8vQuus5hq+v6jWb4o4SugAHaJj5KJLVEd3qIGaiKARekav6M16sl6sd+tj1rpkFTMV9EfW5w/kEJOZ</latexit><latexit sha1_base64="8/gvOn4GegocFe4RHi8Oc62FcA8=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEN9ZEBd0IRTcuK9gLNKGcTCfN0MkkzEyEEuqruHGhiFsfxJ1v47TNQlt/GPj4zzmcM3+Qcqa043xbS8srq2vrpY3y5tb2zq69t99SSSYJbZKEJ7ITgKKcCdrUTHPaSSWFOOC0HQxvJ/X2I5WKJeJBj1LqxzAQLGQEtLF6dsWLQOce8DSCMb7GJ+7pec+uOjVnKrwIbgFVVKjRs7+8fkKymApNOCjVdZ1U+zlIzQin47KXKZoCGcKAdg0KiKny8+nxY3xknD4OE2me0Hjq/p7IIVZqFAemMwYdqfnaxPyv1s10eOXnTKSZpoLMFoUZxzrBkyRwn0lKNB8ZACKZuRWTCCQQbfIqmxDc+S8vQuus5hq+v6jWb4o4SugAHaJj5KJLVEd3qIGaiKARekav6M16sl6sd+tj1rpkFTMV9EfW5w/kEJOZ</latexit><latexit sha1_base64="8/gvOn4GegocFe4RHi8Oc62FcA8=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEN9ZEBd0IRTcuK9gLNKGcTCfN0MkkzEyEEuqruHGhiFsfxJ1v47TNQlt/GPj4zzmcM3+Qcqa043xbS8srq2vrpY3y5tb2zq69t99SSSYJbZKEJ7ITgKKcCdrUTHPaSSWFOOC0HQxvJ/X2I5WKJeJBj1LqxzAQLGQEtLF6dsWLQOce8DSCMb7GJ+7pec+uOjVnKrwIbgFVVKjRs7+8fkKymApNOCjVdZ1U+zlIzQin47KXKZoCGcKAdg0KiKny8+nxY3xknD4OE2me0Hjq/p7IIVZqFAemMwYdqfnaxPyv1s10eOXnTKSZpoLMFoUZxzrBkyRwn0lKNB8ZACKZuRWTCCQQbfIqmxDc+S8vQuus5hq+v6jWb4o4SugAHaJj5KJLVEd3qIGaiKARekav6M16sl6sd+tj1rpkFTMV9EfW5w/kEJOZ</latexit><latexit sha1_base64="8/gvOn4GegocFe4RHi8Oc62FcA8=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEN9ZEBd0IRTcuK9gLNKGcTCfN0MkkzEyEEuqruHGhiFsfxJ1v47TNQlt/GPj4zzmcM3+Qcqa043xbS8srq2vrpY3y5tb2zq69t99SSSYJbZKEJ7ITgKKcCdrUTHPaSSWFOOC0HQxvJ/X2I5WKJeJBj1LqxzAQLGQEtLF6dsWLQOce8DSCMb7GJ+7pec+uOjVnKrwIbgFVVKjRs7+8fkKymApNOCjVdZ1U+zlIzQin47KXKZoCGcKAdg0KiKny8+nxY3xknD4OE2me0Hjq/p7IIVZqFAemMwYdqfnaxPyv1s10eOXnTKSZpoLMFoUZxzrBkyRwn0lKNB8ZACKZuRWTCCQQbfIqmxDc+S8vQuus5hq+v6jWb4o4SugAHaJj5KJLVEd3qIGaiKARekav6M16sl6sd+tj1rpkFTMV9EfW5w/kEJOZ</latexit>
αˆ = −1
<latexit sha1_base64="1Z6+a3bch9FzLNOcV2HNwvY5qiY=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuLEkIuhGKLpxWcFeoAnlZDpphk4mYWailNhHceNCEbc+iTvfxmmbhbb+MPDxn3M4Z/4g5Uxpx/m2Siura+sb5c3K1vbO7p5d3W+rJJOEtkjCE9kNQFHOBG1ppjntppJCHHDaCUY303rngUrFEnGvxyn1YxgKFjIC2lh9u+pFoHMPeBrBBF/hU7dv15y6MxNeBreAGirU7Ntf3iAhWUyFJhyU6rlOqv0cpGaE00nFyxRNgYxgSHsGBcRU+fns9Ak+Ns4Ah4k0T2g8c39P5BArNY4D0xmDjtRibWr+V+tlOrz0cybSTFNB5ovCjGOd4GkOeMAkJZqPDQCRzNyKSQQSiDZpVUwI7uKXl6F9VncN353XGtdFHGV0iI7QCXLRBWqgW9RELUTQI3pGr+jNerJerHfrY95asoqZA/RH1ucP+WaTIw==</latexit><latexit sha1_base64="1Z6+a3bch9FzLNOcV2HNwvY5qiY=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuLEkIuhGKLpxWcFeoAnlZDpphk4mYWailNhHceNCEbc+iTvfxmmbhbb+MPDxn3M4Z/4g5Uxpx/m2Siura+sb5c3K1vbO7p5d3W+rJJOEtkjCE9kNQFHOBG1ppjntppJCHHDaCUY303rngUrFEnGvxyn1YxgKFjIC2lh9u+pFoHMPeBrBBF/hU7dv15y6MxNeBreAGirU7Ntf3iAhWUyFJhyU6rlOqv0cpGaE00nFyxRNgYxgSHsGBcRU+fns9Ak+Ns4Ah4k0T2g8c39P5BArNY4D0xmDjtRibWr+V+tlOrz0cybSTFNB5ovCjGOd4GkOeMAkJZqPDQCRzNyKSQQSiDZpVUwI7uKXl6F9VncN353XGtdFHGV0iI7QCXLRBWqgW9RELUTQI3pGr+jNerJerHfrY95asoqZA/RH1ucP+WaTIw==</latexit><latexit sha1_base64="1Z6+a3bch9FzLNOcV2HNwvY5qiY=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuLEkIuhGKLpxWcFeoAnlZDpphk4mYWailNhHceNCEbc+iTvfxmmbhbb+MPDxn3M4Z/4g5Uxpx/m2Siura+sb5c3K1vbO7p5d3W+rJJOEtkjCE9kNQFHOBG1ppjntppJCHHDaCUY303rngUrFEnGvxyn1YxgKFjIC2lh9u+pFoHMPeBrBBF/hU7dv15y6MxNeBreAGirU7Ntf3iAhWUyFJhyU6rlOqv0cpGaE00nFyxRNgYxgSHsGBcRU+fns9Ak+Ns4Ah4k0T2g8c39P5BArNY4D0xmDjtRibWr+V+tlOrz0cybSTFNB5ovCjGOd4GkOeMAkJZqPDQCRzNyKSQQSiDZpVUwI7uKXl6F9VncN353XGtdFHGV0iI7QCXLRBWqgW9RELUTQI3pGr+jNerJerHfrY95asoqZA/RH1ucP+WaTIw==</latexit><latexit sha1_base64="1Z6+a3bch9FzLNOcV2HNwvY5qiY=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuLEkIuhGKLpxWcFeoAnlZDpphk4mYWailNhHceNCEbc+iTvfxmmbhbb+MPDxn3M4Z/4g5Uxpx/m2Siura+sb5c3K1vbO7p5d3W+rJJOEtkjCE9kNQFHOBG1ppjntppJCHHDaCUY303rngUrFEnGvxyn1YxgKFjIC2lh9u+pFoHMPeBrBBF/hU7dv15y6MxNeBreAGirU7Ntf3iAhWUyFJhyU6rlOqv0cpGaE00nFyxRNgYxgSHsGBcRU+fns9Ak+Ns4Ah4k0T2g8c39P5BArNY4D0xmDjtRibWr+V+tlOrz0cybSTFNB5ovCjGOd4GkOeMAkJZqPDQCRzNyKSQQSiDZpVUwI7uKXl6F9VncN353XGtdFHGV0iI7QCXLRBWqgW9RELUTQI3pGr+jNerJerHfrY95asoqZA/RH1ucP+WaTIw==</latexit>
αˆ = +1/3
<latexit sha1_base64="jYhvgj4uqe23aRDpC2b7FDfuD9U=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEQaiJCroRim5cVrAXaEI5mU6aoZNJmJkIJdRXceNCEbc+iDvfxmmbhbb+MPDxn3M4Z/4g5Uxpx/m2lpZXVtfWSxvlza3tnV17b7+lkkwS2iQJT2QnAEU5E7Spmea0k0oKccBpOxjeTurtRyoVS8SDHqXUj2EgWMgIaGP17IoXgc494GkEY3yNT9zT855ddWrOVHgR3AKqqFCjZ395/YRkMRWacFCq6zqp9nOQmhFOx2UvUzQFMoQB7RoUEFPl59Pjx/jIOH0cJtI8ofHU/T2RQ6zUKA5MZww6UvO1iflfrZvp8MrPmUgzTQWZLQozjnWCJ0ngPpOUaD4yAEQycysmEUgg2uRVNiG4819ehNZZzTV8f1Gt3xRxlNABOkTHyEWXqI7uUAM1EUEj9Ixe0Zv1ZL1Y79bHrHXJKmYq6I+szx/hApOX</latexit><latexit sha1_base64="jYhvgj4uqe23aRDpC2b7FDfuD9U=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEQaiJCroRim5cVrAXaEI5mU6aoZNJmJkIJdRXceNCEbc+iDvfxmmbhbb+MPDxn3M4Z/4g5Uxpx/m2lpZXVtfWSxvlza3tnV17b7+lkkwS2iQJT2QnAEU5E7Spmea0k0oKccBpOxjeTurtRyoVS8SDHqXUj2EgWMgIaGP17IoXgc494GkEY3yNT9zT855ddWrOVHgR3AKqqFCjZ395/YRkMRWacFCq6zqp9nOQmhFOx2UvUzQFMoQB7RoUEFPl59Pjx/jIOH0cJtI8ofHU/T2RQ6zUKA5MZww6UvO1iflfrZvp8MrPmUgzTQWZLQozjnWCJ0ngPpOUaD4yAEQycysmEUgg2uRVNiG4819ehNZZzTV8f1Gt3xRxlNABOkTHyEWXqI7uUAM1EUEj9Ixe0Zv1ZL1Y79bHrHXJKmYq6I+szx/hApOX</latexit><latexit sha1_base64="jYhvgj4uqe23aRDpC2b7FDfuD9U=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEQaiJCroRim5cVrAXaEI5mU6aoZNJmJkIJdRXceNCEbc+iDvfxmmbhbb+MPDxn3M4Z/4g5Uxpx/m2lpZXVtfWSxvlza3tnV17b7+lkkwS2iQJT2QnAEU5E7Spmea0k0oKccBpOxjeTurtRyoVS8SDHqXUj2EgWMgIaGP17IoXgc494GkEY3yNT9zT855ddWrOVHgR3AKqqFCjZ395/YRkMRWacFCq6zqp9nOQmhFOx2UvUzQFMoQB7RoUEFPl59Pjx/jIOH0cJtI8ofHU/T2RQ6zUKA5MZww6UvO1iflfrZvp8MrPmUgzTQWZLQozjnWCJ0ngPpOUaD4yAEQycysmEUgg2uRVNiG4819ehNZZzTV8f1Gt3xRxlNABOkTHyEWXqI7uUAM1EUEj9Ixe0Zv1ZL1Y79bHrHXJKmYq6I+szx/hApOX</latexit><latexit sha1_base64="jYhvgj4uqe23aRDpC2b7FDfuD9U=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEQaiJCroRim5cVrAXaEI5mU6aoZNJmJkIJdRXceNCEbc+iDvfxmmbhbb+MPDxn3M4Z/4g5Uxpx/m2lpZXVtfWSxvlza3tnV17b7+lkkwS2iQJT2QnAEU5E7Spmea0k0oKccBpOxjeTurtRyoVS8SDHqXUj2EgWMgIaGP17IoXgc494GkEY3yNT9zT855ddWrOVHgR3AKqqFCjZ395/YRkMRWacFCq6zqp9nOQmhFOx2UvUzQFMoQB7RoUEFPl59Pjx/jIOH0cJtI8ofHU/T2RQ6zUKA5MZww6UvO1iflfrZvp8MrPmUgzTQWZLQozjnWCJ0ngPpOUaD4yAEQycysmEUgg2uRVNiG4819ehNZZzTV8f1Gt3xRxlNABOkTHyEWXqI7uUAM1EUEj9Ixe0Zv1ZL1Y79bHrHXJKmYq6I+szx/hApOX</latexit>
αˆ = +2/3
<latexit sha1_base64="o82oah17ajCKrmAYKF8jk91qnwk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiCEJNqqAboejGZQV7gSaUk+mkGTq5MDMRQqiv4saFIm59EHe+jdM2C239YeDjP+dwzvxewplUlvVtlFZW19Y3ypuVre2d3T1z/6Aj41QQ2iYxj0XPA0k5i2hbMcVpLxEUQo/Trje+nda7j1RIFkcPKkuoG8IoYj4joLQ1MKtOACp3gCcBTPA1Pm2cnQ/MmlW3ZsLLYBdQQ4VaA/PLGcYkDWmkCAcp+7aVKDcHoRjhdFJxUkkTIGMY0b7GCEIq3Xx2/AQfa2eI/VjoFyk8c39P5BBKmYWe7gxBBXKxNjX/q/VT5V+5OYuSVNGIzBf5KccqxtMk8JAJShTPNAARTN+KSQACiNJ5VXQI9uKXl6HTqNua7y9qzZsijjI6REfoBNnoEjXRHWqhNiIoQ8/oFb0ZT8aL8W58zFtLRjFTRX9kfP4A4oiTmA==</latexit><latexit sha1_base64="o82oah17ajCKrmAYKF8jk91qnwk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiCEJNqqAboejGZQV7gSaUk+mkGTq5MDMRQqiv4saFIm59EHe+jdM2C239YeDjP+dwzvxewplUlvVtlFZW19Y3ypuVre2d3T1z/6Aj41QQ2iYxj0XPA0k5i2hbMcVpLxEUQo/Trje+nda7j1RIFkcPKkuoG8IoYj4joLQ1MKtOACp3gCcBTPA1Pm2cnQ/MmlW3ZsLLYBdQQ4VaA/PLGcYkDWmkCAcp+7aVKDcHoRjhdFJxUkkTIGMY0b7GCEIq3Xx2/AQfa2eI/VjoFyk8c39P5BBKmYWe7gxBBXKxNjX/q/VT5V+5OYuSVNGIzBf5KccqxtMk8JAJShTPNAARTN+KSQACiNJ5VXQI9uKXl6HTqNua7y9qzZsijjI6REfoBNnoEjXRHWqhNiIoQ8/oFb0ZT8aL8W58zFtLRjFTRX9kfP4A4oiTmA==</latexit><latexit sha1_base64="o82oah17ajCKrmAYKF8jk91qnwk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiCEJNqqAboejGZQV7gSaUk+mkGTq5MDMRQqiv4saFIm59EHe+jdM2C239YeDjP+dwzvxewplUlvVtlFZW19Y3ypuVre2d3T1z/6Aj41QQ2iYxj0XPA0k5i2hbMcVpLxEUQo/Trje+nda7j1RIFkcPKkuoG8IoYj4joLQ1MKtOACp3gCcBTPA1Pm2cnQ/MmlW3ZsLLYBdQQ4VaA/PLGcYkDWmkCAcp+7aVKDcHoRjhdFJxUkkTIGMY0b7GCEIq3Xx2/AQfa2eI/VjoFyk8c39P5BBKmYWe7gxBBXKxNjX/q/VT5V+5OYuSVNGIzBf5KccqxtMk8JAJShTPNAARTN+KSQACiNJ5VXQI9uKXl6HTqNua7y9qzZsijjI6REfoBNnoEjXRHWqhNiIoQ8/oFb0ZT8aL8W58zFtLRjFTRX9kfP4A4oiTmA==</latexit><latexit sha1_base64="o82oah17ajCKrmAYKF8jk91qnwk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiCEJNqqAboejGZQV7gSaUk+mkGTq5MDMRQqiv4saFIm59EHe+jdM2C239YeDjP+dwzvxewplUlvVtlFZW19Y3ypuVre2d3T1z/6Aj41QQ2iYxj0XPA0k5i2hbMcVpLxEUQo/Trje+nda7j1RIFkcPKkuoG8IoYj4joLQ1MKtOACp3gCcBTPA1Pm2cnQ/MmlW3ZsLLYBdQQ4VaA/PLGcYkDWmkCAcp+7aVKDcHoRjhdFJxUkkTIGMY0b7GCEIq3Xx2/AQfa2eI/VjoFyk8c39P5BBKmYWe7gxBBXKxNjX/q/VT5V+5OYuSVNGIzBf5KccqxtMk8JAJShTPNAARTN+KSQACiNJ5VXQI9uKXl6HTqNua7y9qzZsijjI6REfoBNnoEjXRHWqhNiIoQ8/oFb0ZT8aL8W58zFtLRjFTRX9kfP4A4oiTmA==</latexit>
αˆ = +1
<latexit sha1_base64="yPZ+Y2PI7CY3bKqc3T8W0ftRKjg=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QBPKyXTSDJ1MwsxEKbGP4saFIm59Ene+jdM2C239YeDjP+dwzvxBypnSjvNtlVZW19Y3ypuVre2d3T27ut9WSSYJbZGEJ7IbgKKcCdrSTHPaTSWFOOC0E4xupvXOA5WKJeJej1PqxzAULGQEtLH6dtWLQOce8DSCCb7Cp27frjl1Zya8DG4BNVSo2be/vEFCspgKTTgo1XOdVPs5SM0Ip5OKlymaAhnBkPYMCoip8vPZ6RN8bJwBDhNpntB45v6eyCFWahwHpjMGHanF2tT8r9bLdHjp50ykmaaCzBeFGcc6wdMc8IBJSjQfGwAimbkVkwgkEG3SqpgQ3MUvL0P7rO4avjuvNa6LOMroEB2hE+SiC9RAt6iJWoigR/SMXtGb9WS9WO/Wx7y1ZBUzB+iPrM8f9lyTIQ==</latexit><latexit sha1_base64="yPZ+Y2PI7CY3bKqc3T8W0ftRKjg=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QBPKyXTSDJ1MwsxEKbGP4saFIm59Ene+jdM2C239YeDjP+dwzvxBypnSjvNtlVZW19Y3ypuVre2d3T27ut9WSSYJbZGEJ7IbgKKcCdrSTHPaTSWFOOC0E4xupvXOA5WKJeJej1PqxzAULGQEtLH6dtWLQOce8DSCCb7Cp27frjl1Zya8DG4BNVSo2be/vEFCspgKTTgo1XOdVPs5SM0Ip5OKlymaAhnBkPYMCoip8vPZ6RN8bJwBDhNpntB45v6eyCFWahwHpjMGHanF2tT8r9bLdHjp50ykmaaCzBeFGcc6wdMc8IBJSjQfGwAimbkVkwgkEG3SqpgQ3MUvL0P7rO4avjuvNa6LOMroEB2hE+SiC9RAt6iJWoigR/SMXtGb9WS9WO/Wx7y1ZBUzB+iPrM8f9lyTIQ==</latexit><latexit sha1_base64="yPZ+Y2PI7CY3bKqc3T8W0ftRKjg=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QBPKyXTSDJ1MwsxEKbGP4saFIm59Ene+jdM2C239YeDjP+dwzvxBypnSjvNtlVZW19Y3ypuVre2d3T27ut9WSSYJbZGEJ7IbgKKcCdrSTHPaTSWFOOC0E4xupvXOA5WKJeJej1PqxzAULGQEtLH6dtWLQOce8DSCCb7Cp27frjl1Zya8DG4BNVSo2be/vEFCspgKTTgo1XOdVPs5SM0Ip5OKlymaAhnBkPYMCoip8vPZ6RN8bJwBDhNpntB45v6eyCFWahwHpjMGHanF2tT8r9bLdHjp50ykmaaCzBeFGcc6wdMc8IBJSjQfGwAimbkVkwgkEG3SqpgQ3MUvL0P7rO4avjuvNa6LOMroEB2hE+SiC9RAt6iJWoigR/SMXtGb9WS9WO/Wx7y1ZBUzB+iPrM8f9lyTIQ==</latexit><latexit sha1_base64="yPZ+Y2PI7CY3bKqc3T8W0ftRKjg=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QBPKyXTSDJ1MwsxEKbGP4saFIm59Ene+jdM2C239YeDjP+dwzvxBypnSjvNtlVZW19Y3ypuVre2d3T27ut9WSSYJbZGEJ7IbgKKcCdrSTHPaTSWFOOC0E4xupvXOA5WKJeJej1PqxzAULGQEtLH6dtWLQOce8DSCCb7Cp27frjl1Zya8DG4BNVSo2be/vEFCspgKTTgo1XOdVPs5SM0Ip5OKlymaAhnBkPYMCoip8vPZ6RN8bJwBDhNpntB45v6eyCFWahwHpjMGHanF2tT8r9bLdHjp50ykmaaCzBeFGcc6wdMc8IBJSjQfGwAimbkVkwgkEG3SqpgQ3MUvL0P7rO4avjuvNa6LOMroEB2hE+SiC9RAt6iJWoigR/SMXtGb9WS9WO/Wx7y1ZBUzB+iPrM8f9lyTIQ==</latexit>
Fig. 6. Experimental data over a range of six partial correlation parameters, α, one in each panel. Polar plots depict variance
vs. angle that is measured (blue dots), fit (red curve), and predicted (black dashed curve). The two principal component (PC)
waveforms are plotted on the right side of each panel. Those found by the proposed photonic procedure (red) reproduce those
predicted based on complete knowledge of the inputs (black).
lost, but amplitude information is present. If waveforms are not obscured, the periodic laboratory
artifacts can be exploited to demonstrate laboratory procedures that then cannot be applied to
the field [50], [51], [52].
We construct a setup that can easily switch between a state corresponding to the field (wave-
forms obscured) and a state needed to evaluate performance (waveforms observable). Timing
information is obscured on the hardware level by disrupting the synchronization between the
PPG and sampling oscilloscope, a Tektronix DSA8300. The trigger switching setup is shown
in the experimental diagram in Fig. 5a. In the synchronous state, the PPG pattern sync output
triggers the scope, allowing it to emulate a super-Nyquist real-time scope (here 14 GS/s). In the
asynchronous state, a free running clock triggers the scope, creating a situation equivalent to
deeply sub-Nyquist real-time scope: here, 2× 10−4 GS/s.
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This method requires an understanding of how sampling scopes operate. A sampling scope has
a very low real-time sampling rate, yet it can take advantage of periodicity in laboratory-generated
signals to achieve a high synthetic sampling rate. In each period, a sample is taken with a slightly
different delay from the beginning of the period. After many periods, these samples are reordered
to construct a complete, high-sample-rate picture of the periodic waveform. This process depends
on the ability of the sampling scope to synchronize to the instrument generating the periodic
signal. Disconnecting the trigger destroys any capability to recover timing information, thereby
creating a situation closely resembling a field scenario.
Fig. 5(b-d) illustrates the difference in observability caused by the trigger switching. In
moving from synchronous to asynchronous sampling, waveform information is lost, but voltage
histograms (green) are maintained. This illustrates, firstly, that deeply sub-Nyquist sampling
successfully obscures timing information, and, secondly, that it still provides the statistical infor-
mation required to exploit projected moment measurements. Switching between synchronization
states satisfies the conflicting goals of emulating a realistic field scenario and evaluating the
efficacy of the algorithm. This technique for obscuring waveforms with a simple modification to
a typical laboratory setup is here used to evaluate a blind PCA algorithm, but it could broadly
extend to evaluate a wide variety of blind RF algorithms, including blind source separation.
IV. RESULTS
During the photonic PCA procedure, the trigger is in the asynchronous state. The algorithm
described in Sec. II – and in more detail in [39] – is executed. The weight vectors applied by the
MRR weight bank are tuned through a range of angles while their magnitude is held constant. At
each point, the weighted sum is sampled at 200 kS/s. The moment of these samples is calculated
and plotted in Fig. 6 as blue dots. These measurements are fit with the model of Eq. (3) (red
polar curves) using the Gauss-Legendre pseudo-inverse method described in [39]. From this fit,
the PC vectors are ascertained. This signal generation and PCA procedure are repeated over a
range of three negative and three positive covariance parameters.
After the PCA algorithm is performed, accuracy is evaluated. The trigger is set to the syn-
chronous state, and input waveforms are recorded. Using this waveform information, the CPU
calculates the expected PCs and PC vectors using a traditional singular value decomposition
algorithm. Based on the PC vectors, the expected model of Eq. 3 is generated and plotted as
black dashed lines in the polar plots. The PC signals are shown as the black waveforms in the
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time-domain panels. Next, the weight bank is tuned to the PC vectors #1 and #2 as determined
during the asynchronous procedure. The actual output waveforms are recorded, shown as the
red curves.
The actual and expected outputs are compared based on the normalized root mean squared
(RMS) error of these waveforms in Table. I. The first column, αˆ, is the nominal correlation used
to generate signals as described in Sec. III-A. The measured correlation of inputs, α, is in the
next column. The “signal” column shows the RMS voltage of the expected PC waveforms as
determined by the conventional CPU algorithm. The RMS of the first PC is higher with larger
absolute value of correlation because the joint distribution is more stretched, as is seen in Fig. 1a.
The noise amplitude here is considered to be the signal components above 2.5 GHz that are
not repeatable between multiple recordings of the inputs. It would be possible to instead define
noise as departures from a clean binary signal, but we do not use this approach because the input
signals are treated as analog. The repeatable ripples and deviations away from a clean binary
signal are considered part of the actual input. The noise cutoff frequency is chosen to roughly
separate these repeatable components from the non-repeatable components.
Error is the RMS of the difference between the measured (red) and expected (black) PCs. Error
and noise, normalized by the signal amplitude, are plotted in Fig. 7 to visualize their trends. It
can be seen that it is easier to find the first component when absolute correlation is high. Since
the PC #1 signal is larger, signal-to-noise ratio is also larger. At these points, the PC #2 signal
has a vanishing amplitude, resulting in vanishing signal-to-noise ratio and correspondingly more
error. At all points, noise can account for a majority of the total error amplitude. As such, a
system with reduced noise would have less error.
Nominal correlation of 0 is a special case. PC #2 has its largest amplitude resulting in a noise
minimum; however, the PCA problem is close to degenerate, so the error of PC #2 does not
have a minimum. In theory, the error at αˆ = 0 should approach 100%, but, as seen in Table I,
the actual correlation is not quite zero, so the PCA algorithm does have a well defined solution.
This spurious correlation could be due to reflections in the RF circuit off of modulator 1 that
find their way to modulator 2. Neglecting the degenerate αˆ = 0 trial, the error of the first PC is
always less than 14%.
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TABLE I
RMS VALUES IN MILLIVOLTS OF SIGNAL, NOISE, AND ERROR FOR BOTH PCS OVER THE RANGE OF CORRELATION VALUES
EVALUATED. PERCENT ERROR IS RATIO OF ERROR TO SIGNAL. THE NOISE-ERROR RATIO INDICATES THAT MEASUREMENT
NOISE CONTRIBUTED SIGNIFICANTLY TO ERROR.
αˆ α PC# Signal (mV) Noise (mV) Error (mV) Error (%) Noise/Error (%)
−1 –0.97
1 3.06 0.27 0.38 13 70
2 0.35 0.17 0.31 90 54
− 23 –0.76
1 3.41 0.33 0.41 12 79
2 1.22 0.21 0.36 30 59
− 13 –0.20
1 2.37 0.28 0.33 14 85
2 1.80 0.20 0.35 19 57
0 0.12
1 2.42 0.26 0.44 18 59
2 1.98 0.19 0.41 21 48
+ 13 0.31
1 2.52 0.27 0.36 14 73
2 1.76 0.21 0.33 19 64
+ 23 0.67
1 3.27 0.32 0.39 12 84
2 1.42 0.22 0.44 31 51
+1 0.98
1 3.66 0.32 0.48 13 67
2 0.34 0.17 0.34 101 51
V. DISCUSSION
Multivariate photonics is a new and uncharted direction for high-bandwidth, nontrivial infor-
mation processing with photonic systems. Photonics presents potentially disruptive opportunities
for future wireless techniques, but it has yet to prove its viability and motivation as a commercial
technology. Further research in this field depends on the answers to several fundamental research
questions and corresponding experiments.
A. Dynamic range
An important application of BSS is blind interference suppression, wherein the interferer
can be many orders of magnitude more powerful that the signal of interest, thus requiring a
high dynamic range to resolve the weak signal. Analog photonic technologies possessing high
dynamic range have been shown to excel at interference suppression when the interferer is
out-of-band [62], [63], [22] and when the interferer is in-band and the interfering signal is is
17
Nominal correlation, αˆ
<latexit sha1_base64="9wB5iVBhDbh0cb0tGrhJTKua9NY=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgq2FJpTJdtMs3WzC7kYooX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5gJro3rfjuVtfWNza3qdm1nd2//oH541NVprijr0FSkqheiZoJL1jHcCNbLFMMkFOwxHN/O6o9PTGmeygczyViQ4EjyiFM01vL9GE3ho8hinA7qDbfpzkVWwSuhAaXag/qXP0xpnjBpqECt+56bmaBAZTgVbFrzc80ypGMcsb5FiQnTQTG/eUrOrDMkUarsk4bM3d8TBSZaT5LQdiZoYr1cm5n/1fq5ia6DgsssN0zSxaIoF8SkZBYAGXLFqBETC0gVt7cSGqNCamxMNRuCt/zlVeheND3L95eN1k0ZRxVO4BTOwYMraMEdtKEDFDJ4hld4c3LnxXl3PhatFaecOYY/cj5/AGIQkeU=</latexit><latexit sha1_base64="9wB5iVBhDbh0cb0tGrhJTKua9NY=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgq2FJpTJdtMs3WzC7kYooX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5gJro3rfjuVtfWNza3qdm1nd2//oH541NVprijr0FSkqheiZoJL1jHcCNbLFMMkFOwxHN/O6o9PTGmeygczyViQ4EjyiFM01vL9GE3ho8hinA7qDbfpzkVWwSuhAaXag/qXP0xpnjBpqECt+56bmaBAZTgVbFrzc80ypGMcsb5FiQnTQTG/eUrOrDMkUarsk4bM3d8TBSZaT5LQdiZoYr1cm5n/1fq5ia6DgsssN0zSxaIoF8SkZBYAGXLFqBETC0gVt7cSGqNCamxMNRuCt/zlVeheND3L95eN1k0ZRxVO4BTOwYMraMEdtKEDFDJ4hld4c3LnxXl3PhatFaecOYY/cj5/AGIQkeU=</latexit><latexit sha1_base64="9wB5iVBhDbh0cb0tGrhJTKua9NY=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgq2FJpTJdtMs3WzC7kYooX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5gJro3rfjuVtfWNza3qdm1nd2//oH541NVprijr0FSkqheiZoJL1jHcCNbLFMMkFOwxHN/O6o9PTGmeygczyViQ4EjyiFM01vL9GE3ho8hinA7qDbfpzkVWwSuhAaXag/qXP0xpnjBpqECt+56bmaBAZTgVbFrzc80ypGMcsb5FiQnTQTG/eUrOrDMkUarsk4bM3d8TBSZaT5LQdiZoYr1cm5n/1fq5ia6DgsssN0zSxaIoF8SkZBYAGXLFqBETC0gVt7cSGqNCamxMNRuCt/zlVeheND3L95eN1k0ZRxVO4BTOwYMraMEdtKEDFDJ4hld4c3LnxXl3PhatFaecOYY/cj5/AGIQkeU=</latexit><latexit sha1_base64="9wB5iVBhDbh0cb0tGrhJTKua9NY=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgq2FJpTJdtMs3WzC7kYooX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5gJro3rfjuVtfWNza3qdm1nd2//oH541NVprijr0FSkqheiZoJL1jHcCNbLFMMkFOwxHN/O6o9PTGmeygczyViQ4EjyiFM01vL9GE3ho8hinA7qDbfpzkVWwSuhAaXag/qXP0xpnjBpqECt+56bmaBAZTgVbFrzc80ypGMcsb5FiQnTQTG/eUrOrDMkUarsk4bM3d8TBSZaT5LQdiZoYr1cm5n/1fq5ia6DgsssN0zSxaIoF8SkZBYAGXLFqBETC0gVt7cSGqNCamxMNRuCt/zlVeheND3L95eN1k0ZRxVO4BTOwYMraMEdtKEDFDJ4hld4c3LnxXl3PhatFaecOYY/cj5/AGIQkeU=</latexit>
E
rr
o
r/
S
ig
n
a
l 
(%
),
N
o
is
e
/S
ig
n
a
l 
(%
)
PC #2 noise/signal
PC #2 error/signal
PC #1 error/signal PC #1 noise/signal
Fig. 7. Plot of values in Table I. Solid lines are relative error, and dashed lines are relative noise. Red lines are for PC #1 and
blue for PC #2. Noise is a significant component of error, particularly visible in PC #2.
known [32], [64], [65]. For example, Ref. [66] demonstrated cancellation of 60 dB over a 50
MHz band, limited by electronic impedance mismatches in the setup. Since it is based on the
same hardware, blind photonic interference cancellation can be expected to dynamic ranges
similar to known-interference cancellation systems. Besides interference depth, analog photonic
links have tradeoffs in dynamic range, power, and bandwidth that differ from corresponding
electronic tradeoffs [29]. Further work comparing these tradeoffs to DSP is called for.
The ability of photonic BSS to achieve this performance also rests on the algorithm’s ability to
converge. Since this aspect is not present in known-interference problems found in the literature,
it will require new simulation and experimental research. It is possible that there is a limiting
signal-to-noise/interference-ratio (SNIR) below which the algorithm will fail to converge entirely.
Studying this limit is necessary to understand which scenarios multivariate photonics could enable
and those which it cannot.
B. Scalability
One source of scaling limits stems from photonic weight bank hardware. The number of
dimensions is limited by resonator finesse and a penalty related to the ability to weight neigh-
boring channels independently, derived in [46] and determined to be 1.2 in [67]. Nf is limited by
resonator FSR and a distortion penalty measured in [68] to be 4.3. Ref. [69] showed oxide-clad
microdisks with FSR of 57 nm (7.1 THz) and Q of 80k, resulting in finesse of 2900. This means
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that multivariate photonic circuits using these resonators and WDM could scale to N < 1500
and Nf < 1.65 THz. There are other forms of multiplexing besides WDM, such as mode- and
polarization-division multiplexing, that would further increase both of these limits.
Scaling limits could also stem from algorithms. The model of projection moment vs. projection
angle, Eq. (3), can be straightforwardly extended to higher dimension by introducing additional
angle variables; however, it is unclear if the model-based fitting method will also extend to higher
dimensions in the presence of noise. For each additional dimension, two model parameters and
thus two additional measurements are required. The fit quality can be improved by taking more
than the minimum number of measurements or by averaging for longer per measurement. Further
work might be able to determine if there is a limit to this approach or to develop other ways to
exploit the information derived from measurements of statistical moments.
There is also a question of how much need there is for a large number of antennas in actual
applications. Today’s WiMAX systems use less than 10 antennas, so there is not an immediate
demand for information processors suited to thousands of inputs. Demands for bandwidth and
dimensionality scaling will stem from future application areas still under study. mm-wave systems
are a promising candidate application. In mm-wave systems, the center frequency is an order
of magnitude higher than today’s commercial 4G (60 GHz vs. 2.4 GHz or 5.0 GHz) meaning
that spectrum bandwidths of interest could be in the 10s of GHz [17]. Correspondingly, the
electromagnetic wavelength is an order of magnitude shorter, meaning there is finer spatial
variation in the electromagnetic field that can only be resolved by denser antenna arrays. In
the theoretical limit where antennas are spaced by λ/2, a 1 meter by 1 meter antenna array at
2.4 GHz would have no use for more than 16 x 16 = 256 antennas, whereas the same size array
at 60 GHz could consist of 400 x 400 = 160,000 antennas before spatial information would
become fully redundant. Using all of this information would require systems of many antennas
backed by information processors that do not even remotely exist today.
C. Power
Power use is a central performance metric for handheld radios, vehicular radios, and ad-hoc
mobile base stations employed, for example, by first responders. Multivariate photonic and DSP
front-ends exhibit fundamentally different power scaling relationships that favor photonics when
the number of channels and operating frequency are high.
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For a digital electronic front-end, every sample from each of N antennas must be digitized
before processing. This means the ADC power in DSP is Pdsp = NfEadc, where Eadc is the
energy per ADC conversion. For a photonic front-end, only one ADC is required, and a laser
is needed for every channel operating at a different wavelength. The expression for power is
Ppho = NPlas + fEadc, where Plas is laser power. There is no dominant Nf term. Power
associated with photonic weighted addition does not scale with frequency because weighting
occurs in passive filters and summation occurs through total power detection.
The power scaling trends indicate that there is always an operating point in terms of Nf
above which photonics will use less power – the essential question is whether that crossover
point occurs low enough to be relevant to actual RF problems, such as mm-wave systems. This
question demands quantification of those values across different systems and operating points.
D. Further experiments
The demonstration in this paper has limitations that could be addressed by future work to
strengthen the claims. Firstly, only blind PCA was shown. While this is a step towards the more
useful independent component analysis, a direct demonstration of BSS would carry considerably
more significance. Further work on any blind multivariate capabilities, such as BSS, could
make use of the methods introduced here for constraining observability through synchronization
(Sec. III-C).
Secondly, bandwidth here was limited by impedance mismatches in the electrical subsystem
(i.e. PPG, splitter, delay, RF amplifiers, modulators), which cause reflections resulting in signal
distortion, cross-talk, and spurious correlation. These effects are exacerbated at higher bandwidths
since the frequency response of discrete components is not consistent device to device. Monolithic
electrical integration would have a significant impact on this limitation.
Thirdly, signal-to-noise values here were relatively poor, which is attributable to the high loss
in the RF photonic link. As seen in Table I and Fig. 7, noise was a significant contributor to error.
The dominant contribution to loss comes from non-optimized fiber-to-chip coupling (estimated
15 dB per facet). Fiber-to-chip loss could be eliminated by monolithic photonic integration where
modulators and detectors are co-integrated with the weight banks.
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VI. CONCLUSION
We introduce concepts, key methods, and preliminary results in multivariate photonics: the ap-
plication of multivariate statistical analysis to analog photonic processing. As a demonstration, we
fabricated a silicon photonic circuit that identifies the principal components of two-dimensional,
1.0 GHz signals with less than 14% error. The analog photonic domain presents performance
characteristics beyond the foreseeable state-of-the-art in digital signal processing, particularly
for multi-dimensional (e.g. multi-antenna) tasks.
Dimensionality-reduction underlies blind source separation, a widely desired capability in
wireless systems that presents a significant information processing challenge. Moving dimensionality-
reduction to the analog domain can break harsh performance tradeoffs associated with analog-
to-digital conversion; however, it also constrains the type of information that can be observed.
A new type of algorithm based on measurements of statistical moments was developed to work
within realistic constraints on waveform observability. It was evaluated on photonic hardware
using novel experimental techniques to enforce realistic conditions of observability in a lab. The
concepts and methods demonstrated lay a groundwork for experimental research into multivariate
photonic algorithms, hardware, and applications.
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